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Consider an isovector eld 
a













is a pseudo-scalar under spacetime transformations, and 
o
is a constant. A topological current























For the time being, spacetime is assumed to be the at Minkowski spacetime and ; ; :::= 0; 1; 2; 3 with x
o
= t (c = 1




are the totally anti-symmetric tensor densities in 4 and 3 dimensions,























where e  2
3
o




are area elements of S
2
surfaces in the x-space (as r!1) and -space
(as ! 
o




































is an auxiliary vector eld. The dual eld
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provided that the vector eld C
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Using the language of dierential forms, (5) can be written in the following form
F = G+H; (11)









































H = 0: (15)
The 2-form F is therefore Hodge-decomposable, and cohomologous with G (i.e. they belong to the same cohomology
class, since they dier only by an exact form). The resemblance of equations (4) and (7) to the Maxwell's equations
and the capability of this model to provide non-singular solutions behaving like charged particles were discussed in
[10]. In the next section, we will only outline the main results valid in a at spacetime.
III. FLAT SPACE SOLITONS
The requirement of having non-singular, nite energy and stable solitons, severely restrict the possible choices of
the lagrangian density of the isovector eld. Let us follow [10], and adopt the following lagrangian density which
satises the above requirements:



















with  < 0, and b
o






satises the following conditions
V (
o
















which leads to the spontaneous breaking of the (global) SO(3) symmetry of the system. The dynamical equation for































































































































; as r!1: (25)























close to the center of the soliton (r! 0), where 
1











far from the soliton (i.e. r!1).



















































Using the scale transformation r ! r (while keeping  unchanged), it can be shown that M () has a minimum at
 = 1, which is a signature of the stability of the soliton under radial perturbations.
IV. SELF-GRAVITATING ISOVECTOR SOLITONS
By self-gravitating isovector solitons, we mean static solutions of the coupled isovector-gravitational equations which
are everywhere regular and represent localized lumps of energy. By numerically integrating the coupled nonlinear
equations, we will show that such solutions do arise depending on the value of the model parameters. Based on or
results, we will also criticize the widely expressed view that gravity has only a minute eect on the structure and
properties of extended solitons.














in which G is the gravitational constant, R is the curvature scalar, L
M
is the lagrangian density of the matter source,
and g is the determinant of the metric tensor. As the source of gravity, we consider the isovector eld (16). By varying















































































By contracting equation (31), we obtain the following equation for the curvature scalar:
R =  32GV (): (33)
This equation is useful, since it expresses a simple relation between the curvature scalar and the self-interaction
potential of the isovector eld, and provides a means to check some of the calculations. We employ the coordinates
x







sin ). For the



























































































































Note that equation (36) reduces to the at-space equation (18), by putting A = B = 1. Equations (34) and (35),
however, become inconsistent for obvious reasons (the spacetime cannot be at in the presence of matter sources).































which appear naturally in equations (34) to (36). It can be seen that r
o















Emergence of new length scales is similar to what happens in non-abelian gauge elds ([14]), and leads to the
appearance of new branches of spherical, static solitons. Having additional length scales, one expects departures from
the Einstein-Maxwell solutions and the appearance of more subtle features. Using these two length scales, equations



























































































































In these equations, u = =
o
, x = r=r
o
, and   
2



















W (u) = (1  u)
2
: (45)















































































































































































































TABLE I: Leading, non-vanishing coeÆcients of the asymptotic solutions.
FIG. 1: Variations of the isovector eld amplitude for several values of the parameter . Downward: at space, =0.2,0.1, and
0.05.
for x! 0, and




























for x ! 1. The unknown coeÆcients are calculated by inserting these ansatze into equations (41) to (43) and
balancing the terms of the same order in x. Table I shows the leading coeÆcients for the above asymptotics.
In order to solve the coupled nonlinear DEs numerically, we used the Gerald's shooting method, which is based on
two guesses for the initial slope of the unknown functions. Using these initial guesses, the equations are integrated
via the Runge-Kutta-Fehlberg method, reaching the end point of the independent variable. A better guess for the
initial slope is then found by comparing the end point values with the boundary conditions, and interpolating for the
7FIG. 2: Variations of the metric coeÆcient A for several values of the parameter  (=0.5,0.2,0.1, and 0.05 downward).
initial slope ([14]). The boundary conditions for asymptotically at spacetime read
u! 0 as x! 0; (48)
and
u! 1; A! 1; and B ! 1; as x!1: (49)
The procedure described above is iterated until the correct boundary values are reached with a reasonable accuracy.
In order to test the method, at space solutions were rst computed and compared to the solutions obtained via
energy minimization algorithms ([10]). Figure 1 shows numerical variations of the u(x) function for several values of
the parameter . The corresponding results for the metric coeÆcients A(x) and B(x) are shown in Figures 2 and 3,
respectively.
It is seen that for  of the order of unity, the self-gravitating solutions dier only slightly from the at-space solution.
The dierence vanishes completely as  ! 1. As  becomes much smaller than 1, signicant dierences with the
at-space solution emerge. For example, the metric signature changes at some r for suÆciently small .
V. SOLITON MASSES
Although there are still controversies about an exact denition for the total mass of a self-gravitating system ([15],



























8FIG. 3: Variations of the metric coeÆcient B for several values of the parameter  (=0.2,0.1,0.5, and 0.05 downward).










FIG. 4: Variations of the integral S
T





























In most cases (including the model we are discussing here), the second term is absent since the matter lagrangian






































































































































































and  =  4. The dimensionless integral S
T
were computed numerically for several values of the parameter . The
results are shown in Figure 4.
It is seen that (1) S
T
! 1:66 as !1, leading to the asymptotic (at space) mass, (2) There is a maximummass
around  ' 1, and (3) The total mass decreases as  ! 0, with M
T
' 0 at  ' 0:055. It is also interesting to note






vanish, which imply vanishing
total mass of the soliton as deduced from the asymptotic form of the metric [19].
VI. SUMMARY AND CONCLUSION
We extended the isovector model to incorporate the eects of gravity. The resulting equations were integrated
numerically for spherically symmetric ansatz, using the Gerald's shooting method. It was found that for large values
of the dimensionless parameter of the system the eect of gravity is negligible. For small values of , however, gravity
has a considerable eect on the qualitative and quantitative behavior of the solutions. Such dramatic changes in the
behavior of the spherical solutions in the presence of gravity were also reported in the framework of EYM equations
([1], [2], and [8]). Gravitating solitons of the isovector model in an asymptotically at background bear quantized
topological charges, exactly similar to the at-space solitons. The quantization is due to a 
2
homotopy between
the boundary of the curved space (S
2
at r ! 1), and the vacuum S
2








in analogy with the quantization of the magnetic pole intensity in the t'Hooft Polyakov monopoles ([18]). Solutions















are the emitted (at r
1
) and detected (at r
2
) periods of photons,
event horizons correspond to B(r
1
) = 0, which are not fullled by the present solutions. However, the appearance of
horizons and signature changes is not ruled out and will be addressed elsewhere. In particular, it should be interesting
to know whether isovector black holes have hair. As pointed out in [13], solitons can make bound states with ordinary
black holes to form hairy black holes. In such a case, the total ADM mass of the hairy black hole is the sum of the
mass of the bare black hole, the mass of the soliton, and the gravitational binding energy between the two ([13]).
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